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A RELATIVE VERSION OF CONNES‘ χ(M) INVARIANT
AND EXISTENCE OF ORBIT INEQUIVALENT ACTIONS
by
ADRIAN IOANA
Abstract. We consider a new orbit equivalence invariant for measure-preserving actions
of groups on the probability space, σ : G→ Aut(X,µ) , denoted χ0(σ;G) and defined as
the ”intersection” of the 1-cohomology group, H1(σ,G), with Connes’ invariant, χ(M),
of the cross product von Neumann algebra, M = L∞(X,µ)⋊σ G. We calculate χ0(σ;G)
for certain actions of groups of the form G = H×K with H non-amenable and K infinite
amenable and we deduce that any such group has uncountably many orbit inequivalent
actions.
0. Introduction.
Recall that two measure preserving (m.p.) actions σ1, σ2 of two countable, discrete
groups G1, G2, on standard probability measure spaces (X1, µ1), (X2, µ2), are said to
be orbit equivalent (OE) if there is an isomorphism f : (X1, µ1) → (X2, µ2) such that
f(G1x) = G2(f(x)) for µ1 a.e. x ∈ X1, or, equivalently, if the induced equivalence
relations, Rσ1,G1 ,Rσ2,G2 are isomorphic.
Strikingly, it was proven that any action σ of any amenable group G induces a hy-
perfinite equivalence relation (unique, up to isomorphism), thus implying that any two
actions of any two amenable groups are OE. This result was first obtained by Dye([Dy])
in the case G = Z and by Ornstein-Weiss([OW],[CFW]) in general. The converse is
also true: any non-amenable group has at least 2 non-OE actions([CW],[Sc1,2],[Hj]).
Thus, it is natural to consider the problem of finding groups which admit many non OE
actions. In this direction, rigidity phenomena were used to exhibit classes of groups
possesing uncountably many non-OE actions: property(T) groups([Hj]), products of
hyperbolic groups([MoSh]), free groups([GaPo]) and weakly rigid groups([Po]).
In this paper, we introduce a relative version of Connes‘ χ(M) invariant ([Co1]) for
Cartan subalgebra inclusions A ⊂M , denoted χ0(M ;A), which captures the ”approxi-
mately A-inner, centrally trivial” outer automorphisms ofM . The χ0 invariant of a free,
ergodic, m.p. action σ : G→ Aut(X, µ) is then defined as the χ0 invariant of the corre-
sponding Cartan subalgebra inclusion, i.e. χ0(σ;G) = χ0(L
∞(X, µ)⋊σ G;L
∞(X, µ)).
Note that χ0(σ;G) is is an orbit equivalence invariant([FM]) and that it is a subgroup
of the 1-cohomology group H1(σ;G).
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2Theorem. Let G = H × K, where H is a non-amenable group and K is an ∞
amenable group and let Γ =
⊕
i≥0∆i, where ∆i are finite groups. For a standard
probability space (X0, µ0), let σ be the generalized Bernoulli shift action of G on
(X, µ) =
∏
g∈H⊔K(X0, µ0), given by the natural action of G on the set H ⊔K. Let β
be a free, m.p. action of Γ on (X0, µ0) and define β˜γ = ⊗g∈H⊔K(βγ)g, ∀γ ∈ Γ to be
the induced action on (X, µ).
If σΓ denotes the restriction of σ to the fixed point algebra {a ∈ L∞(X, µ)|β˜γ(a) =
a, ∀γ ∈ Γ}, then σΓ is a free, ergodic, m.p. action such that χ0(σΓ;G) = Char(Γ).
Since for every set P of prime numbers, we have that
∏
p∈P Zp = Char(
⊕
p∈P Zp),
we deduce the following:
Corollary. Any group of the form G = H×K, where H is a non-amenable group and
K is an ∞ amenable group, admits uncountably many non orbit equivalent actions.
In Section 1 we give the definition of χ0(σ,G) for an action (σ,G) and we notice that
it is a stable orbit equivalence invariant. Starting with Section 2, we concentrate on the
actions (σΓ, G = H ×K) as in the above Theorem and we give a first estimate of χ0.
This reduces the calculation of χ0 to a concrete problem in terms of automorphisms
of the hyperfinite II1 factor, R. In Section 3 we deal with this problem, showing that
for certain actions of groups Γ as above on the hyperfinite II1 factor R, the following
holds true: θ ∈ Aut(R) acts trivially on the sequences from RΓ which are central in R
iff θ ∈ Γ (modulo inner automorphisms). The final section is concerned with the proof
of the above Theorem.
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1.Definition of χ0.
In [Co1], A. Connes defined an invariant χ(M) for a II1 factor M and used compu-
tations of it to provide a II1 factor non-antisomorphic to itself. The purpose of this
section is to define an analogous invariant for inclusions (A ⊂ M) of Cartan subalge-
bras into II1 factors. Restricting to such inclusions that arise from measure preserving
actions of countable, discrete groups on standard probability spaces we obtain an OE
invariant, which we subsequently use to produce non-OE actions.
1.1. Groups of automorphisms. We begin by reviewing several definitions and nota-
tions. Given a II1 factorM we denote by Aut(M) its group of automorphisms endowed
with the topology given by the pointwise norm ‖.‖2 convergence(see [Co1,Co2]) and by
Int(M) the subgroup of inner automorphisms ofM . A bounded sequence (xn)n ⊂M is
called central if for any element y ∈M we have that limn→∞ ‖[xn, y]‖2 = 0. Following
3Connes, an automorphism θ of M is called centrally trivial if for any central sequence
(xn)n ⊂ M we have that limn→∞ ‖θ(xn) − xn‖2 = 0. The group of centrally trivial
automorphisms of M is denoted Ct(M)([Co1,Co2]). Similarly, for an inclusion of von
Neumann algebras N ⊂M , we denote by Ct(M,N) the group of automorphisms of M
that act trivially on the bounded sequences of N which are central in M([Ka]).
A powerful tool in the study of central sequences is the ultrapower algebra Mω de-
fined as the quotient l∞(N,M)/Iω, where Iω = {x = (xn)n ∈ l∞(N;M)| limn→ω ||xn||2 =
0} and ω is a free ultrafilter on N. Any θ ∈ Aut(M) induces an automorphism θω ofMω
given by θω((xn)) = (θ(xn))n and we have that Ct(M) = {θ ∈ Aut|θω(x) = x, ∀x ∈
M ′ ∩Mω} and similarly that Ct(M,N) = {θ ∈ Aut(M)|θω(x) = x, ∀x ∈M ′ ∩Nω}.
1.2. Automorphisms coming from 1-cocycles. For a II1 factor M with a Cartan
subalgebra A we denote by Aut0(M ;A) the group of automorphisms of M which leave
A pointwise fixed and by Int0(M ;A) the subgroup of inner automorphisms implemented
by the unitaries of A. Also, we consider the quotient group Out0(M ;A):= Aut0(M ;A)/
Int0(M ;A) together with the quotient map ε0 : Aut0(M ;A)→ Out0(M ;A).
Let now σ : G→ Aut(X, µ) be a free, ergodic, m.p. action on a standard probability
space. Then σ defines an integral preserving action of G on the diffuse abelian von
Neumann algebra L∞(X, µ); conversely, every integral preserving action on L∞(X, µ)
gives rise to a m.p. action on (X, µ). Therefore, we can unambiguously identify the
two actions.
Further, consider the associated group measure space factor M = L∞(X, µ) ⋊σ G
together with its Cartan subalgebra A = L∞(X, µ) ⊂ M([MvN]). Then we have a
canonical isomorphism from Aut0(M ;A) onto the group of 1-cocycles, Z
1(σ,G) = {w :
G→ U(L∞(X, µ))|wgh = wgσg(wh), ∀g, h ∈ G}, which carries Int0(M ;A) onto the sub-
group of 1-coboundaries, B1(σ,G)(see [Si],[Po]). From this it follows that Out0(M ;A)
is isomorphic to the 1-cohomology group of σ, H1(σ,G):= Z1(σ,G)/ B1(σ,G). We
will also use the notations Int0(σ;G) and Aut0(σ;G) for the groups of automorphisms
Int0(A⋊σ G;A) and Aut0(A⋊σ G;A), respectively.
Recall that by [FM], two free, m.p. actions σi : Gi → Aut(Ai) are orbit equivalent
iff (A1 ⊂ A1 ⋊σ1 G1) ≃ (A2 ⊂ A2 ⋊σ2 G2), i.e. if there exists an isomorphism θ :
A1⋊σ1G1 → A2⋊σ2G2 such that θ(A1) = A2. Thus, any invariant of Cartan subalgebra
inclusions naturally gives rise to an OE invariant for actions. In particular, this entails
that H1(σ,G) is an OE invariant.
For strongly ergodic actions σ, i.e. actions that have only trivial asymptotically
invariant sequences, H1(σ;G) is a Polish group ([Sc1]), which is countable, discrete
whenever G is weakly rigid([Sc1],[Po]). As shown by S.Popa([Po]), for w-rigid groups
G and for actions σ having good deformation properties, the 1-cohomology group,
H1(σ;G) is calculable and can be any countable abelian group. Thus, in the case of
w-rigid groups, computations of H1(σ;G) can be used to provide uncountably many
non-OE actions.
4At the other end, if the action is not strongly ergodic (equivalently, if Int0(M ;A)
is not closed in the topology inherited from Aut(M)) then this invariant is a large,
non-Polish group which can thus not be used to distinguish between orbit inequivalent
actions. Instead, the following subgroup of Out0(M ;A) ≃ H
1(σ,G) can be used:
1.3. Definition. Let M be a separable II1 factor with a Cartan subalgebra A. We
define χ0(M ;A) = Int0(M ;A) ∩ CtM/Int0(M ;A).
In particular, if σ : G→ Aut(X, µ) is a free ergodic m.p. action on a standard proba-
bility space then χ0(σ,G) := χ0(L
∞(X, µ)⋊σG;L
∞(X, µ)) defines an orbit equivalence
invariant. This invariant is a subgroup of H1(σ,G) ≃ Out0(L
∞(X, µ)⋊σG;L
∞(X, µ)),
which is trivial if G is amenable([OW]) and also, by definition, if σ is strongly ergodic.
Now, recall the following result from [FM]: two free, ergodic, m.p. actions σi : Gi →
Aut(Ai) are stably orbit equivalent iff there exist two projections pi ∈ Ai, i = 1, 2 such
that (A1p1 ⊂ p1(A1 ⋊σ1 G1)p1) ≃ (A2p2 ⊂ p2(A2 ⋊σ2 G2)p2).
1.4. Proposition. Let M be a separable II1 factor with a Cartan subalgebra A. Then
for any projection p ∈ P(A) , the map θ ∈ Aut0(M ;A) → θ|pMp ∈ Aut0(pMp;Ap)
induces an isomorphism between the groups χ0(M ;A) and χ0(pMp;Ap). In particular,
χ0(σ;G) is a stable orbit equivalence invariant.
Proof. Recall from [Po] that the restriction map θ → θ|pMp induces an isomor-
phism between Out0(M ;A) and Out0(pMp;Ap), which carries ε0(Int0(M ;A)) onto
ε0(Int0(pMp;Ap)). Lastly, recall that if θ is an automorphism of a II1 factor M which
fixes a projection p ∈M , then θ ∈ Ct(M) iff θ|pMp ∈ Ct(pMp)([Co1]). 
2. Estimates of χ0.
From this point on we will work with groups G of the form G = H ×K, where H
is a non-amenable group and K is an ∞ amenable group.
2.1. The model action. Let (X, µ) be a standard probability space and let pi :
H → Aut(Πh∈H(X, µ)h) be the left Bernoulli shift action given by pih((xh′)h′) =
(xh−1h′)h′ , ∀h ∈ H, ∀x = (xh′)h′ ∈ Πh(X, µ)h. Similarly, we let ρ : K → Aut(
∏
k∈K(X, µ)k)
be the left Bernoulli shift action of K.
Next, we define σ : G → Aut([
∏
h∈H(X, µ)h ×
∏
k∈K(X, µ)k]) to be the product
action given by σ(h,k) = pih × ρk, ∀h ∈ H, k ∈ K. Note that σ can also be viewed
as the generalized Bernoulli action ([Po3]) associated to the action of G on H ⊔ K
given by (h, k) • x = hx, ∀x ∈ H and by (h, k) • x = kx, ∀x ∈ K, ∀g = (h, k) ∈ G =
H×K. Also, we denote A = L∞(
∏
h∈H(X, µ)h), B = L
∞(
∏
k∈K(X, µ)k), C = A⊗B =
L∞(
∏
g∈H⊔K(X, µ)g) and A0 = L
∞((X, µ)e) ⊂ A.
2.2. Quotient actions. The actions of G that we construct further arise as quotients
of themodel action σ. Let Γ be a group and take α : Γ→ Aut(A) and β : Γ→ Aut(B)
5two free, m.p. actions of Γ which commute with pi and ρ, respectively. Let δ denote
the diagonal product action of Γ on C = A⊗B defined by δ(γ) = α(γ) ⊗ β(γ). If we
set CΓ = {x ∈ C | δ(γ)(x) = x, ∀γ ∈ Γ} then, as δ and σ commute, G acts on CΓ and
this action, denoted σΓ, is ergodic.
Assumption. Throughout this section we will assume that there is no h ∈ H \ {e}
such that pi(h)(a) = a, ∀a ∈ AΓ. Note that this is indeed the case if AΓ0 6= C1.
Recall that the left Bernoulli shift action pi of a non-amenable group H was shown
to be strongly ergodic ([Sc2]), or equivalently, to satisfy (A⋊piH)
′∩Aω = C1, where ω
is a free ultrafilter on N([Po]). In what follows, we will need a more general statement:
2.3. Lemma. With the above notations we have that there exists S ⊂ U(AΓ ⋊piΓ H)
finite and C > 0 such that
max
u∈S
||[u, ξ]||2 ≥ C||ξ− < ξ, 1 > 1||2, ∀ξ ∈ L
2(A⋊pi H).
In particular, A⋊pi H is a non Γ type II1 factor.
Proof. We begin by considering the representation of H on K = L2(A⋊piH)⊖ l2(H)
given by H ∋ h → Ad(uh) ∈ U(K). If {ξ0 = 1, ξ1, .., ξn..} is an orthonormal basis for
L2(A0), then
B = {(⊗h∈Hξih)uh′ |ih ≥ 0, ∀h ∈ H, 1 ≤ |{h|ih 6= 0}| <∞, h
′ ∈ H}
gives an orthonormal basis for K. Since H acts on B and the stabilizers Hξ = {h ∈
H|Ad(uh)(ξ) = ξ} are finite subgroups of H, ∀ξ ∈ B, we get that the representation of
H on K is of the form
⊕
i l
2(H/Hi) for some finite subgroups Hi of H. Since H is non-
amenable, any representation of H of the form
⊕
i l
2(H/Hi), where Hi are amenable
subgroups of H, does not weakly contain the trivial representation ([Po]). Thus, there
exist k ∈ N, h1, h2 . . . hk ∈ H and c > 0 such that
max
i=1,k
‖uhixu
∗
hi
− x‖2 ≥ c‖x‖2, ∀x ∈ K,
therefore,
(∗) max
i=1,k
‖[uhi , ξ]‖2 ≥ c‖ξ −EL(H)(ξ)‖2, ∀ξ ∈ L
2(A⋊pi H).
Next, if a ∈ U(AΓ) \C1, then using the fact that Bernoulli shifts are mixing, we get
that the set Fa = {h ∈ H|pih(a) = a} is finite and that Ca = infh∈H\Fa ||a−pih(a)||2 >
0. If x ∈ l2(H), then x = Σh∈Hτ(xuh−1)uh and we have that
||[a, x]||22 = ||Σh∈Hτ(xuh−1)(a− σh(a))uh||
2
2 =
6Σh∈H |τ(xuh−1)|
2||a− σh(a)||
2
2 ≥ CaΣh∈H\Fa |τ(xuh−1)|
2.
Now, by our assumption, ∩a∈U(AΓ)Fa = {h ∈ H|σh(a) = a, ∀a ∈ U(A
Γ)} = {e}, thus
∃a1, a2, .., am ∈ U(AΓ) such that ∩mj=1Fai = {e}. By using the last inequality for
a ∈ {a1, a2, .., am} we get that
(∗∗) max
j=1,n
||[aj, x]||2 ≥ ( min
j=1,m
Caj/m)||x− τ(x)||2, ∀x ∈ l
2(H).
Combining (∗) and (∗∗), we get the conclusion for S = {uh1 , uh2, .., uhn, a1, a2, .., am}.

2.4. Remark. A consequence of the above proof is that L(H)′∩L2(A⋊piH) ⊂ l
2(H).
We remark that for this to be true we only need that pi is weakly mixing (rather
than the Bernoulli shift of a non-amenable group). To see this, let x = Σh∈Hahuh ∈
L(H)′ ∩ L2(A ⋊pi H), then pil(ah) = alhl−1 , ∀h, l ∈ H. In particular, this implies that
||ah||2 = ||alhl−1 ||2, ∀h, l ∈ H. For h ∈ H \ {e} if the set F = {lhl
−1|l ∈ H} is infinite
then since Σh∈H ||ah||22 = ||x||
2
2 <∞, we must have that ah = 0. On the other hand, if
F is finite then K = span{ah|h ∈ F} ⊂ A is a finite dimensional vector space invaried
under pi. Since pi is weakly mixing, K = C1, thus ah ∈ C1.
The following result is well known, but we include a proof for the reader’s conve-
nience.
2.5. Lemma. Let M and N be two II1 factors and let P be a subfactor of M . If there
exists S ⊂ U(P ) finite and C > 0 such that
max
u∈S
||[u, ξ]||2 ≥ C||ξ− < ξ, 1 > 1||2, ∀ξ ∈ L
2M,
then P ′ ∩ (M⊗N)ω = Nω.
Proof. Let {η0 = 1, η1, .., ηm...} ⊂ L2(N) be an orthonormal basis. Then any x ∈
L2(M⊗N) can be written as x = Σj≥0ξj ⊗ ηj , for some ξj ∈ L2(M) with Σj≥0||ξj||22 =
||x||22. Using the hypothesis we have that
Σu∈S||[u, x]||
2
2 = Σu∈S||Σj≥0[u, ξj]⊗ ηj ||
2
2 =
Σj≥0Σu∈S||[u, ξj]||
2
2 ≥ C
2Σj≥0||ξj − τ(ξj)||
2
2 = C
2||x− PL2(N)(x)||
2
2,
thus proving the conclusion. 
2.6. Corollary. With the notations we made before, we have that
(CΓ ⋊σΓ G)
′ ∩ (CΓ ⋊σΓ G)
ω ⊂ (BΓ ⋊ρΓ K)
ω.
7Proof. By Lemma 2.3. we have that the inclusion P = AΓ ⋊piΓ H ⊂ M = A ⋊pi H
satisfies the hypothesis of Lemma 2.5., thus
(AΓ ⋊piΓ H)
′ ∩ [(A⋊pi H)⊗(B ⋊ρ K)]
ω = (B ⋊ρ K)
ω.
Since AΓ ⋊piΓ H ⊂ C
Γ ⋊σΓ G and C
Γ ⋊σΓ G ⊂ [(A ⋊pi H)⊗(B ⋊ρ K)], the corollary
follows. 
From now on we aim to calculate χ0(σ
Γ;G); to this end, we give succesive estimates
of χ0, which we improve as the class of groups Γ and actions α, β that we consider,
becomes more restrictive. We start by showing that the characters of Γ which have
eigenvectors in both U(A) and U(B) naturally give rise to (non-trivial) elements of
χ0(σ
Γ;G).
For an action δ of Γ on C and for a character η ∈ Char(Γ) we denote Uη = {a ∈
U(C) | δ(γ)(a) = η(γ)a, ∀γ ∈ Γ} and we let Charδ(Γ) = {η ∈ Char(Γ)|Uη 6= ∅}([Po]).
Let η ∈ Charδ(Γ), then for a ∈ Uη the 1-cocycle wg = a∗σ(a) is CΓ-valued, thus
θ = Ad(a)|CΓ⋊
σΓ
G ∈ Aut0(C
Γ⋊σΓ G;C
Γ). Since the class of θ in Out0(C
Γ⋊σΓ G;C
Γ)
does not depend on the choice of a ∈ Uη, we get a well defined map φ : Charδ(Γ) →
H1(σΓ;G) given by φ(η) = ε0(θ).
2.7. Proposition. For any η ∈ Charα(Γ)∩Charβ(Γ) we have that φ(η) ∈ χ0(σΓ;G).
Moreover, the map φ : Charα(Γ) ∩ Charβ(Γ) → χ0(σΓ;G) is an injective group homo-
morphism.
Proof. For the first part take a1 ∈ U(A) ∩ Uη and a2 ∈ U(B) ∩ Uη. Since H is non-
amenable, Corollary 2.3. implies that the central sequences of CΓ⋊σΓG asymptotically
lie in BΓ ⋊ρΓ K. Thus, as a1 commutes with B ⋊ρK, it results that Ad(a1)|CΓ⋊
σΓ
G ∈
Ct(CΓ⋊σΓG). Also, sinceK is amenable we have that Int0(B
Γ⋊ρK;B
Γ)= Aut0(B
Γ⋊ρ
K;BΓ)([OW]) , thus we deduce that Ad(a2)|CΓ⋊
σΓ
G ∈ Int0(C
Γ⋊σΓG;C
Γ). Combining
the two conclusions we get the first assertion.
Finally, if we assume that φ is not injective then we get a non-trivial character of
Γ, say η, and a ∈ Uη which satisfies Ad(a)|CΓ⋊
σΓ
G ∈ Int0(C
Γ
⋊σΓ G;C
Γ). This implies
that ∃b ∈ U(CΓ) such that a∗σ(g)(a) = b∗σ(g)(b), ∀g ∈ G, but since σ is ergodic we
obtain that a ∈ U(CΓ), which leads to a contradiction, as η is assumed non-trivial. 
Next, we reduce the calculation of χ0(σ;G) to the problem of finding the automor-
phisms of the hyperfinite II1 factor R, which act trivially on certain central sequences
of R.
2.8. Remark. To this aim, take θ ∈ Int0(σΓ;G), then θ = limn→∞ Ad(un) for some
un ∈ U(C
Γ). Since by Corollary 2.3., (CΓ ⋊σΓ G)
′ ∩ (CΓ)ω ⊂ (BΓ)ω, we deduce that
there exist a ∈ U(CΓ) and an ∈ U(BΓ) such that θ = Ad(a) limn→∞Ad(an)([Co1],[Jo]).
Thus, modulo Int0(σ
Γ;G), we can assume that θ = limn→∞ Ad(an), for some an ∈
U(BΓ), so in particular θ gives an automorphism of BΓ ⋊ρΓ K.
8Moreover, since θ is given by a BΓ-valued 1-cocycle, hence B-valued, it extends to
an automorphism, denoted θ˜, of R = B ⋊ρ K. Since θ˜ ∈ Aut0(ρ;K), we get a group
morphism ψ : Int0(σ
Γ;G)/Int0(σ
Γ;G)→ Aut0(ρ;K)/Int0(ρ;K) given by ψ(θ) = θ˜.
Now, remark that since RΓ = BΓ ⋊ρΓ K ⊂ C
Γ ⋊σΓ G and since [R,A ⋊pi H] = 0,
we have the inclusion R′ ∩ (RΓ)ω ⊂ (CΓ ⋊σΓ G)
′ ∩ (CΓ ⋊σΓ G)
ω. Thus, if we further
impose that θ ∈ Ct(CΓ⋊σΓ G), then θ˜ acts trivially on R
′ ∩ (RΓ)ω, i.e. θ˜ ∈ Ct(R,RΓ).
We summarize the above discussion into the following:
2.9. Proposition. Assume that Charβ(Γ) ⊂ Charα(Γ). Then the following is an
exact sequence:
0→ Charβ(Γ)
φ
→χ0(σ
Γ;G)
ψ
→(Aut0(ρ;K) ∩ Ct(R,R
Γ))/Int0(ρ;K)
Proof. To show that Ker(ψ) ⊂ Ran(φ), let θ ∈ χ0(σΓ;G) such that θ˜ = Ad(a),
for some a ∈ U(B). But then, since θ(ug) = aσg(a∗) ∈ CΓ, ∀g ∈ G, we obtain that
δ(γ)(aσg(a
∗)) = aσg(a
∗), ∀g ∈ G, ∀γ ∈ Γ. Using this relation and the fact that σ and
δ commute, we obtain that
σg(a
∗δ(γ)(a)) = a∗δ(γ)(a), ∀g ∈ G, ∀γ ∈ Γ
and since σ is ergodic, we conclude that a∗δ(γ(a)) ∈ C1, ∀γ ∈ Γ. Thus, ∃η ∈ Charβ(Γ)
such that δ(γ)(a) = η(γ)a, ∀γ ∈ Γ, therefore θ ∈ Ran(φ). The other inclusion follows
easily, since Ad(a) ∈ Ct(R), ∀a ∈ U(B). 
We end this section by giving the motivation for the technical result that we prove
in the next section. In view of Proposition 2.9., to compute χ0(σ;G) it is natural to
consider the following question: given a properly outer action δ of a group Γ on the
hyperfinite II1 factor R, describe Ct(R,R
Γ) = {θ ∈ Aut(R)|θ|R′∩(RΓ)ω = id}.
If Γ is finite, then Ct(R,RΓ) = ΓInt(R). Indeed, if we denote Rω = R
′ ∩ Rω, then
Rω is II1 factor on which Γ and θ act properly ([Co1],[Jo]). Since Γ is finite we have
that (RΓ)ω = (Rω)Γ(remark that this equality is equivalent to the fact that the repre-
sentation of Γ on L2(R)⊖ L2(RΓ) does not weakly contain the trivial representation,
true if Γ is a property (T) group), thus
R′ ∩ (RΓ)ω = R′ ∩ (Rω)Γ = (R′ ∩Rω)Γ = RΓω,
hence θ|RΓω = id|RΓω .
Recall now that if a finite group Γ acts properly on a II1 factorM and θ ∈ Aut(M) is
an automorphism which acts identically onMΓ, then θ ∈ Γ(note that the last result also
holds true if Γ is a compact abelian group and Charδ(Γ) = Char(Γ)). Applying this to
our situation, we can find γ ∈ Γ such that θ|Rω = γ|Rω , thus γ
−1 ◦ θ ∈ Ct(R) = Int(R).
9As the other inclusion, ΓInt(R) ⊂ Ct(R,RΓ), is always true, we get the desired equality
for Γ finite. Note that this equality already implies that χ0(σ
Γ;G) = Char(Γ) if Γ is
finite.
Turning to the case Γ infinite, the above proof seems to fail as one would need the
group Γ to be both compact and rigid. However, in the next section we show that
Ct(R,RΓ) = ΓInt(R), given that the action Γ → Aut(R) is the ”inductive limit” of
actions of the form Γn → Aut(Rn), where Γn are finite quotients of Γ and Rn ⊂ R are
subfactors exhausting R.
3.Main technical result.
3.1. Theorem. Let Γ =
⊕
i≥0∆i, where (∆i)i≥0 are finite groups and let α : Γ →
Aut(R) be an action on the hyperfinite II1 factor. Denote Γ
n =
⊕
i>n∆i and define
Rn = RΓ
n
, ∀n ≥ 0.
(i) If ∪n≥0Rn is weakly dense in R , then α can be extended to a continuous action
α˜ : Γ˜ =
∏
i≥0∆i → Aut(R).
(ii) Moreover, if (RΓ)′ ∩ R = C1 and if {γ ∈ Γ|γ|Rn = id|Rn} = Γ
n, ∀n ≥ 0, then
Ct(R,RΓ) = Γ˜Int(R).
Proof. (i) After identifying Γ with α(Γ) ⊂ Aut(R), we need to prove that Γ˜
embedds into Aut(R) in a continuous manner. Let γ = (δ1, ..., δn, ..) ∈ Γ˜ and set
γn = (δ1, .., δn, 0, .., 0, ..) ∈ Γ. We claim that ∃γ := limn→∞ γn in Aut(R), or equiva-
lently that (γn(x))n is a Cauchy sequence ∀x ∈ R. If x ∈ ∪m≥0Rm, then the sequence
(γn(x))n eventually becomes constant, hence is Cauchy and as ∪m≥0Rm ⊂ R is a total
set, the claim is proven.
To prove the continuity of the embedding, let Γ˜ ∋ γn = (δ
n
i )i≥0 → γ = (δi)i≥0 ∈ Γ˜
as n → ∞. This implies that ∀i ≥ 0, ∃N(i) ≥ 0 such that δni = δi, ∀n ≥ N(i). In
turn, from this we deduce that if x ∈ ∪m≥0Rm, then γn(x) = γ(x), ∀n ≥ N(x), thus
γn converges to γ in the topology from Aut(R).
(ii) For the second assertion, let θ ∈ Ct(R,RΓ), i.e. θ ∈ Aut(R) such that limn→ω ||θ(xn)−
xn||2 = 0, ∀(xn)n ∈ R′ ∩ (RΓ)ω. Also, ∀n ≥ 0, we denote Γn =
⊕
i≤n∆i.
Step 1. ∃N such that ∀n ≥ N we have that ||θ(x)− x||2 ≤ 1/2, ∀x ∈ U(Pn), where
Pn := R
′
n ∩ (R
Γn
n )
ω = (R′n ∩R
ω
n)
Γn .
This follows from the following:
3.2. Lemma. Let M be a II1 factor and let N, {Mn}n≥0 ⊂ M be von Neumann
subalgebras such that limn→∞ ||x − EMn(x)||2 = 0, ∀x ∈ M . If θ ∈ Aut(M) acts
trivially on M ′ ∩ Nω, then ∀ε > 0, ∃N = N(ε) ∈ N such that ||θ(u) − u||2 ≤ ε, ∀u ∈
U(M ′n ∩N
ω), ∀n ≥ N(ε).
Proof of lemma 3.2. If the conclusion fails, then ∃ε > 0, an increasing subsequence
{kn} of N and un ∈ U(M ′kn ∩N
ω) such that ||θ(un) − un||2 > ε, ∀n ∈ N. Since θ acts
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trivially onM ′∩Nω, there exists F ⊂M finite and δ > 0 such that if x ∈ (N)1 satisfies
||[x, y]||2 ≤ δ, ∀y ∈ F , then ||θ(x)− x||2 ≤ ε/2.
Representing un as (u
m
n )m, where u
m
n ∈ U(N) and using the first inequality, we
deduce that ∃mn ∈ N such that vn = u
mn
n satisfies ||[vn, EMkn (x)]||2 ≤ δ/2, ∀x ∈ F
and ||θ(vn)− vn|| > ε, ∀n ∈ N. Finally, since limn→∞ ||EMkn (x)−x||2 = 0, ∀x ∈ F and
since ||[vn, x]]||2 ≤ ||[vn, EMkn (x)]||2+2||EMkn (x)− x||2 ≤ δ/2+ 2||EMkn (x)− x||2, we
get a contradiction. 
Going back to the proof of Theorem 3.1., we can apply Lemma 3.2. to find N =
N(1/2) such that
||θ(x)− x||2 ≤ 1/2, ∀x ∈ U(R
′
n ∩ (R
Γ)ω), ∀n ≥ N.
Since by the definition of Rn we have that R
Γ
n = R
Γn
n , we deduce that Pn ⊂ R
′
n∩(R
Γ)ω,
thus proving this step.
Next, by standard averaging techniques, we get :
Step 2. ∀n ≥ N, ∃wn ∈ Rω, wn 6= 0 such that θ(x)wn = wnx, ∀x ∈ U(Pn).
Indeed, from the inequality ||θ(x) − x||2 ≤ 1/2, ∀x ∈ U(Pn), we deduce that the
minimal ||.||2 element of the convex set Kn = co
w{θ(x)x∗|x ∈ U(Pn)} ⊂ (Rω)1 satisfies
||wn−1||2 ≤ 1/2, thus wn 6= 0. Moreover, by the uniqueness of wn and by the fact that
Kn is invaried under the transformations u→ θ(x)ux∗, ∀x ∈ U(Pn), it follows that wn
satisfies the required identity.
Step 3.
3.3. Lemma. Let Γ be a finite group acting on the inclusion N ⊂ M of two finite
von Neumann algebras such that N ′ ∩ (M ⋊ Γ) ⊂M . If θ ∈ Aut(M) satisfies θ(x)w =
wx, ∀x ∈ NΓ, for some non-zero element w ∈ M , then ∃v ∈ M, v 6= 0 and γ ∈ Γ such
that θ(x)v = vγ(x), ∀x ∈ N .
Proof of lemma 3.3. If x ∈ U(N), then Σγ∈Γγ(x) ∈ NΓ, thus
Σγ∈Γθ(γ(x))w = wΣγ∈Γγ(x), ∀x ∈ U(N).
Using this relation we get that
Σγ∈Γθ(γ(x))wx
∗ = wΣγ∈Γγ(x)x
∗, ∀x ∈ U(N).
Let M˜ :=
⊕
γ∈Γ(M)γ and define the following two uniformly bounded convex subsets
of M˜ :
K1 = co
w{⊕γ∈Γ(θ(γ(x))wx
∗)|x ∈ U(N)},
K2 = co
w{⊕γ∈Γ(γ(x)x
∗)|x ∈ U(N)}.
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Then the above relation translates into:
Σγx
1
γ = Σγwx
2
γ , ∀x
i = ⊕γ∈Γx
i
γ ∈ Ki, i = 1, 2.
Let xi = ⊕γ∈Γxiγ ∈ Ki, i = 1, 2 be the elements of minimal ||.||2. Then note that
∀u ∈ U(N), K1 and K2 are invaried under the transformations ⊕γx1γ → ⊕γθ(γ(u))x
1
γu
∗
and ⊕γx2γ → ⊕γγ(u)x
2
γu
∗, respectively.
Thus, since these transformations are norm preserving, it follows by the uniqueness
of x1 and x2 that θ(γ(u))x
1
γu
∗ = x1γ and γ(u)x
2
γu
∗ = x2γ , ∀γ ∈ Γ, ∀u ∈ U(N). Now,
note that the condition N ′ ∩ (M ⋊Γ) ⊂M is equivalent to the following: if γ ∈ Γ \ {e}
and w ∈M , then
wγ(x) = xw, ∀x ∈ N ⇒ w = 0.
Thus x2γ = 0, ∀γ ∈ Γ \ {e} and since x
2
e = 1 and Σγx
1
γ = Σγwx
2
γ , it follows that there
exists γ ∈ Γ such that x1γ 6= 0. 
Step 4. ∀n ≥ N, ∃vn ∈ Rω, vn 6= 0 and γn ∈ Γn such that θ(x)vn = vnγn(x), ∀x ∈
Sn := R
′
n ∩R
ω
n .
Note first that Pn = R
′
n∩(R
Γn
n )
ω = SΓnn and that Γn acts on the inclusion Sn ⊂ R
ω.
Recall that by Step 2 we have that θ(x)wn = wnx, ∀x ∈ SΓnn . Thus, provided that we
can show that there is no non-zero w ∈ Rω such that γ(x)w = wx, ∀x ∈ Sn = R
′
n ∩R
ω
n
for some γ ∈ Γn \ {e}, the conclusion of Lemma 3.3. gives our claim.
To disprove the last equality, we show the following lemma, which we will also use
subsequently.
3.4. Lemma. Let M be a II1 factor and let R be an irreducible hyperfinite subfactor.
If α ∈ Aut(M) is an automorphism such that ∃w ∈ Mω, w 6= 0, α(x)w = wx, ∀x ∈
R′ ∩Rω, then there exists v ∈ U(M) such that α(x) = vxv∗, ∀x ∈ R.
Proof of lemma 3.4. Since R is hyperfinite, we can decompose R = ⊗k∈N(M2×2(C))k.
Denote Rm = ⊗k≥m(M2×2(C))k and represent w = (wn)n ∈ Mω. We claim that
∃m ∈ N such that
||α(x)wm − wmx||2 ≤ ||wm||2, ∀x ∈ U(Rm).
Indeed, because if for every m ∈ N we can find xm ∈ U(Rm) such that ||α(xm)wm −
wmxm||2 > ||wm||2, then x = (xm)m ∈ U(R′∩Rω) and ||α(x)w−wx||2 = limn→ω ||α(xm)wm−
wmxm||2 ≥ limn→ω ||wm||2 = ||w||2, a contradiction.
Next, a simple computation shows that
Reτ(w∗mα(x)wmx
∗) ≥ ||wm||2/2, ∀x ∈ U(Rm).
Thus, if v denotes the element of minimal ||.||2 in C = co
w{α(x)wmx∗|x ∈ U(Rm)},
then Reτ(w∗mv) ≥ ||wm||2/2, hence v 6= 0 and α(x)v = vx, ∀x ∈ U(Rm).
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Since R′ ∩M = C1, we get that R′m ∩M = ⊗k<m(M2×2(C))k (this is true since
if A ⊂ B are C∗-algebras, then A(n)
′
∩Mn(B) = Mn(A′ ∩ B)). Also, because v∗v ∈
R′m ∩M, vv
∗ ∈ α(Rm)′ ∩M , we deduce that there exists p, q ∈ P(R′m ∩M) ⊂ P(R)
and u ∈ U(M) such that α(x ⊗ p) = u(x ⊗ q)u∗, ∀x ∈ Rm. Finally, since p, q have
central supports equal to 1 in ⊗k<m(M2×2(C))k, we conclude that ∃v ∈ U(M) such
that α(x)v = vx, ∀x ∈ R. 
Assume by contradiction that ∃w ∈ Rω such that γ(x)w = wx, ∀x ∈ Sn = R′n ∩R
ω
n
for some γ ∈ Γn \ {e}. Since RΓ ⊂ Rn and (RΓ)′ ∩R = C1, we get that R′n ∩R = C1,
thus Lemma 3.4. implies that ∃v ∈ U(R), γ(x) = vxv∗, ∀x ∈ Rn.
Using again the inclusion RΓ ⊂ Rn , we infer that v ∈ RΓ
′
∩ R = C1, thus, γ(x) =
x, ∀x ∈ Rn. Now, the hypothesis entails that γ ∈ Γ
n, therefore γ ∈ Γn ∩ Γn = {e},
contradiction.
Step 5. ∀n ≥ N, ∃un ∈ U(R) and γn ∈ Γn such that θ(x)un = unγn(x), ∀x ∈ Rn.
This step follows directly from Step 4 and Lemma 3.4. by using the fact that Rn
has trivial relative commutant in R, ∀n ≥ 0.
Step 6. θ ∈ Γ˜Int(R).
Following Step 5, ∀n ≥ N , we can find un ∈ U(R), γn ∈ Γn such that θ(x) =
unγn(x)u
∗
n, ∀x ∈ Rn. Write γn+1 = γ
′
nδn+1, where γ
′
n ∈ Γn, δn+1 ∈ ∆n+1, ∀n ≥ N and
let γN = (δ0, δ1, .., δN , 0, .., 0..) ∈ ΓN . Using the fact that
unγn(x)u
∗
n = θ(x) = un+1γn+1(x)u
∗
n+1, ∀x ∈ Rn
and that δn+1 acts identically on Rn, we get that
γn ◦ γ
′
n
−1
(x) = (u∗nun+1)x(u
∗
n+1un), ∀x ∈ Rn.
Since γn◦γ′n
−1 ∈ Γn, by reasoning as in the proof of Step 4 we deduce that γn = γ′n+1
and that u∗nun+1 ∈ C1. Consequently, if we let γ = (δn)n≥0 ∈ Γ˜ and u = uN , then
θ(x) = uγ(x)u∗, ∀x ∈ ∪n≥NRn, thus finishing the proof. 
4.Calculation of χ0(σ
Γ;G).
In this section we use the results of the previous two sections to get concrete com-
putations of χ0. As before, let H be a non-amenable group and K be an ∞ amenable
group. Also, we fix (X0, µ0), a standard probability space and we define
(X, µ) =
∏
i≥0
(X0, µ0)i.
Then, as in Section 2, we let A = L∞(
∏
h∈H(X, µ)h), B = L
∞(
∏
k∈K(X, µ)k), C =
A⊗B = L∞(
∏
g∈H⊔K(X, µ)g) and we denote by pi, ρ the left Bernoulli shift actions of
H,K on A,B, respectively and by σ the product action of G = H ×K on C.
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Let {∆i}i≥0 be non-trivial finite groups and denote Γ =
⊕
i≥0∆i, Γ
n =
⊕
i>n∆i,Γn =⊕
i≤n∆i, ∀n ≥ 0. For i ≥ 0, let αi : ∆i → Aut(X0, µ0) be a free action. Then, we
define α : Γ→ Aut(
∏
h∈H(X, µ)h =
∏
i≥0,h∈H(X0, µ0)i,h) to be given by
α(γ)((xi,h)i,h) = ((αi(δi)(xi,h))i,h,
∀x = (xi,h)i,h ∈
∏
i≥0,h∈H(X0, µ0)i,h, ∀γ = (δi)i≥0 ∈
⊕
i≥0∆i = Γ. Similarly, we
let β : Γ → Aut(
∏
k∈K(X, µ)k =
∏
i≥0,k∈K(X0, µ0)i,k). We also denote by α, β the
induced actions on A,B.
Now, consider the diagonal product action δ : Γ→ Aut(C) given by
δ(γ) = α(γ)⊗ β(γ), ∀γ ∈ Γ.
Since [α, pi] = 0 and [β, ρ] = 0, it follows that [δ, σ] = 0, thus G acts on CΓ = {x ∈
C|δ(γ)(x) = x, ∀γ ∈ Γ}, hence we can define σΓ = σ|CΓ .
4.1. Theorem. σΓ : G→ Aut(CΓ) is a free, ergodic, integral preserving action and
φ : Char(Γ) ≃ χ0(σ
Γ;G)
Proof. If we let R = B ⋊ρ K, then since K is amenable and ρ is ergodic, R is the
hyperfinite II1 factor ([OW]). Moreover, since [β, ρ] = 0, we have that Γ acts on R by
β(γ)(Σk∈Kakuk) = Σk∈Kβ(ak)uk and that R
Γ = BΓ ⋊ρΓ K.
Claim 1. If θ ∈ Aut(R) acts identically on R′ ∩ (RΓ)ω, then θ ∈ Γ˜Int(R).
To prove this it is sufficient to verify the conditions of Theorem 3.1. Note that Γn
acts trivially on
∏
n≥i≥0,k∈K(X0, µ0)i,k and also on K, thus implying that
L∞(
∏
n≥i≥0,k∈K
(X0, µ0)(i,k))⋊K ⊂ Rn = R
Γn , ∀n ≥ 0.
Further, this clearly implies that ∪n≥0Rn
w
= R. Next, Lemma 2.1. implies that
(BΓ ⋊ρΓ K)
′ ∩ (B ⋊ρ K) = C1 or, equivalently, that RΓ
′
∩ R = C1. Finally, if γ =
(δ1, .., δn, 0, ..) ∈ Γn, where δi ∈ ∆i, acts trivially on Rn, then in particular, it acts
trivially on
∏
n≥i≥0,k∈K(X0, µ0)i,k. This in turn forces αi(δi) =id, hence δi = e, ∀i =
1, n, as αi are assumed free.
Claim 2. If g = (h, k) ∈ G \ {e} then there exists no non-zero p ∈ C such that
σg(c)p = cp, ∀c ∈ AΓ⊗BΓ ⊂ CΓ.
To see this, let a ∈ L∞(
∏
i≥0(X0, µ0)i,e)
Γ ⊂ AΓ and b ∈ L∞(
∏
i≥0(X0, µ0)i,e)
Γ ⊂
BΓ, such that τ(a) = τ(b) = 0. Thus τ(a∗pih(a)) = τ(b
∗ρk(b)) = 0, ∀h ∈ H \ {e}, k ∈
K \ {k}.
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Recall from [Po1] that Bernoulli shift actions are 2-mixing in the following sense:
lim
h1,h2→∞
|τ(x0pih1(x1)pih2(x2))− τ(x0)τ(pih1(x1)pih2(x2))| = 0, ∀x0, x1, x2 ∈ A.
Now, let hn ∈ H, kn ∈ K, both going to ∞, and define cn = pihn(a) ⊗ ρkn(b) ∈
AΓ ⊗BΓ. Fix x ∈ A, y ∈ B and denote z = x⊗ y, then
τ(c∗nσg(cn)z) = τ(pihn(a)
∗pih(pihn(a))x)τ(ρkn(b)
∗ρk(ρkn(b))y).
Using the 2-mixingness, we deduce that
lim
n→∞
|τ(c∗nσg(cn)z)− τ(x)τ(y)τ(pihn(a)
∗pihhn(a))τ(ρkn(b)
∗ρkkn(b))| = 0.
On the other hand,
τ(pihn(a)
∗pihhn(a))τ(ρkn(b)
∗ρkkn(b)) = δhn,hhnδkn,kkn ||a||
2
2||b||
2
2 = δ(h,k),(e,e)||a||
2
2||b||
2
2 = 0,
thus lim τ(c∗nσg(cn)z) = 0, ∀z ∈ A ⊗ B and, as A ⊗ B is ||.||2-dense in C = A⊗B, the
claim follows.
Note that the above claim implies directly that σΓ is a free action, while ergodicity
follows from that of σ, which in turn is implied by the fact that both pi and ρ are
weakly mixing.
Claim 3. Γ˜Int(R) ∩ Aut0(R;B) = Int0(R;B).
Indeed, if γ˜ ∈ Γ˜ \ {e} and u ∈ U(R) are such that θ = Ad(u) ◦ γ˜ ∈ Aut0(R;B), then
γ˜(x) = Ad(u∗)(x), ∀x ∈ B. In particular, this implies that u ∈ NR(B), thus we can
find a non-zero projection p ∈ B and k ∈ K \ {e} such that ρk(b)p = Ad(u∗)(b)p =
γ˜(b)p, ∀x ∈ B, which entails that ρk(b)p = bp, ∀b ∈ BΓ.
Denote g = (e, k) ∈ H ×K = G, then we have that σg(a ⊗ b)(1⊗ p) = (a⊗ b)(1⊗
p), ∀a ∈ AΓ, ∀b ∈ BΓ, thus by the second claim, g = e, hence k = e, a contradiction.
Combining Claim 1 and Claim 3, we get that
Ct(R,RΓ) ∩ Aut0(R;B) = Γ˜Int(R) ∩ Aut0(R;B) = Int0(R;B),
thus, by Proposition 2.9., φ : Charβ(Γ) → χ0(σΓ;G) is an isomorphism. Finally, it
is clear that Charβ(Γ) = Char(Γ), which finishes the proof. 
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4.2. Corollary. Let G = H ×K, where H is a non-amenable group and K is an ∞
amenable group. Then, for any group Λ = Πi≥0Λi, where Λi are finite abelian groups,
we can find a free, ergodic, measure preserving action σΛ of G on a standard probability
space such that χ0(σΛ;G) = Λ. Thus, any such group G admits uncountably many non
stably orbit equivalent actions.
4.3. Final remarks. (i). Similarly, it can be shown that a non-amenable group G
which is the infinite sum of non-trivial groups has uncountably many non-OE actions
(e.g. G =
⊕
i≥0 Fn, ∀n ≥ 2).
(ii). A related OE invariant for actions σ : G → Aut(X, µ) that one can consider
is given by B1(σ,G)/ B1(σ,G) ≃ Int0(M ;A)/ Int0(M ;A). Note that this invariant is
a subgroup of the 1-cohomology group H1(σ;G) which is isomorphic to Kawahigashi’s
relative χ invariant of the corresponding Cartan subalgebra inclusion, χ(M,A) ([Ka]).
While it seems difficult to calculate such an invariant (as it is an infinite, non-Polish
group) we note that if a group G is isomorphic to B1(σ,G)/ B1(σ,G), for some count-
able, discrete group G, then we can replace G by any non-amenable group which admits
G as a quotient (e.g. F∞).
(iii). Note that the results that we prove also work if we consider actions on the
hyperfinite II1 factor R (instead of a diffuse abelian von Neumann algebra), thus render-
ing the analogous conclusion: any group G as in the above Corollary has uncountably
many non-cocycle conjugated actions on R. The only difference is the following: in
the proof of Proposition 2.7., we need to use a result of Ocneanu ([Oc]) stating that
1-cocycles for actions of amenable groups on the hyperfinite II1 factor are approxi-
mately 1-coboundaries, instead of the analogous result for actions on a probability
space([OW]).
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